RUSSIAN OPEN SCHOOL ASTRONOMICAL OLYMPIAD
BY CORRESPONDENCE — 2005

PROBLEMS WITH SOLUTIONS

1. Problem. The artificial satellite is rotating around the Earth along a circular orbit lying in the ecliptic
plane. Being observed from city of Krasnodar (latitude°y4ais satellite and the vernal equinox point
always rise simultaneously. Sometimes the satellite is visible above the southern horizon. What is
altitude above the horizon in this moment? What is the radius of satellite’s orbit? Refraction and da
parallax of the satellite should be ignored.

1. Solution. Anywhere on Earth (except poles) the vernal equinox point rises once in a sidereal da
about 23 hours and 56 minutes after previous rise. The moments of rise of artificial satellite are in
hours 56 minutes one from another. Since we ignore the parallax shift of the satellite, it is always situa
at the ecliptic. At the latitude of Krasnodar (#}}&cliptic cannot coincide with horizon and being the
major circle of celestial sphere crosses the horizon at two opposite points. One of them is rising ver
equinox point, another point is autumn equinox point. Thus, rising satellite is situated at one of the
points. As the sidereal day gone, the satellite rises in the same point of the sky (being in the second p
it would not rise, but set under the horizon, since every moment just a half of the orbit is seen above
horizon).

It is obvious that the satellite rotating around the Earth cannot be immovable relatively stars. L
us consider the conditions when the satellite comes back to the same point in one sidereal day. It can
place if the rotational period is equal to one sidereal day and the rotation direction is the same with
rotation of the Earth. This orbit is like geo-stationary, but the satellite rotates not in equatorial, but in t|
ecliptic plane. Being observed from the Earth, the satellite draws the narrow 8-like figure with the si.
47°. If it is situated at the vernal equinox point during its rise, it will rise every sidereal day at the ea
(see the figure).
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But this picture contradicts with the conditions of the problem, since the satellite is always situate
in the eastern part of the sky and is never observed above the southern horizon. We have to conside
more situation, when satellite completes the revolution around the observer on the Earth in one side
day, rising once and setting once in this period. Let us designate the synodic period of the s&ellite a
sidereal period a3, and the duration of sidereal day Bs These three values are connected by the
relation

e

1
To

wlr
=

The sign “+” before the values of @/and (11) means the counterclockwise rotation direction (the same
with the rotation of Earth), the sign “—* means the clockwise direction. Since the valB8esdfl, are

the same, the sign “—* cannot be before the valug),(btherwise the value oF will turn to infinity.
Since the value dbis positive, the solution will exist only for the following signs:
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The sidereal period of the satellifas turned out to be equal to the half of sidereal day or 11 hours anc
58 minutes. The satellite rotates counterclockwise two times faster than Earth, rising at the west ¢
setting at the east. During its rise the satellite will be situated mutiobennequinox, which will be setting

in the same moment. Moving from the west to the east, the satellite will go towards the vernal equin
point risen at the east simultaneously with the satellite (see the second figure). In 5 hours and 59 min!
the satellite will complete a half of the revolution, come to the vernal equinox point, which will culminats
at the altitude 45above the southern horizon. We have found the answer to the first question of tt
problem.

To answer on the second question, we use the General Third Kepler law. The orbit radius is equal to
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or 26.6 thousand kilometers (heévieis the mass of the Earth).

2. Problem. The artificial satellite is rotating around the Earth along an elliptical orbit lying in the
ecliptic plane. When it is in perigee point, the distances from Earth to the satellite and to Moon are 1
same. Estimate the maximum possible eccentricity of the satellite’s orbit. Please don’t consider f
gravitation of the Moon.

2. Solution.Possible value of orbit eccentricity is restricted by tidal influence of the Sun (the influence ©
Moon is disregarded). If satellite comes close to the inner Lagrange point of the system Sun-Earth,
orbit will be instable and the satellite will come to heliocentric orbit, being the artificial planet of the
Solar System. Let us consider the boundary case when the apogee point of the satellite is situ:
between the Sun and the Earth. Since the orbit lie in the ecliptic plane, such situation takes place onc
ayear.

Let us designate the perigee and apogee distances of the qulainds, the distance between
Sun and Earth @. Assume that the satellite in the apogee came to the inner Lagrange point. This poi
rotates around the Sun with the same angular velordg the Earth. Let us write the motion equations
for Lagrange point and the Earth:
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Taking into account tha<<R, we write

GM _GM _ 2GMa
(R-a)2 R? R®

Expressing the value of from Earth motion equation, we receive the relation:

3GMa _ Gm
RB  a?’

From this we make the estimation of maximal apogee distance

m 9/3
a:RB? =1.497 min. km
13M[J

and orbit eccentricity (taking into account the value efjual to 384 thousand kilometers):

e=2"P _p592
a+p

3. Problem. The distant star is situated in the summer solstice point of the sky. During the passing
ascending node of lunar orbit near this star the lunar occultations of this star will be visible on the Ea
every revolution of the Moon. How many occultations will this sequence contain? At what latitude and
what place of the sky will the first and the last occultation of the sequence be seen? The orbit of the M
can be considered as circular.

3. Solution. If the Moon rotated around the Earth in the ecliptic plane, it would occult the star in the
summer solstice point each revolution and this occultation would be seen in equatorial and tropical zo
of our planet. But the inclination of lunar orbit to the ecliptic plaiseabout 5.1%5that is enough for the
Moon to go above or below the star and to avoid occultation in most part of the cases. To occult the s
the Moon must be situated near one of two nodes of the orbit, where it crosses the ecliptic plane.

The sidereal period of lunar rotatidg is equal to 27.321662 days and draconic pefifperiod
of return to the same orbit node) is equal to 27.212220 days. Completing the revolution relatively ste
the Moon makes 1.00402 draconic revolutions. If the occultation occurs exactly in the ascending or
node, next one will occur a month later slightly after the node crossing. The Moon will be a little b
higher and the region of occultation visibility will slightly shift northwards (see the figure).
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The angular distance between the Moon and ascending node will be equal to:

y =360° 05 To _1 448,
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Shifting by this angle each sidereal month, line of nodes of lunar orbit will complete the revolution i
248.65 sidereal months or 18.6 years. This period will contain two epochs of occultation of the star ni
the ecliptic, near ascending and descending node, respectively. If the star is situated exactly at
ecliptic, these two sequences will be shifted by 9.3 years one from another. We have to find the durat
of one sequence. Let us find the maximal distance between the star and the node for what the occult:
is still possible.
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Second figure shows the boundary situation, where the grazing occultation is observed just from c
point on the Earth. The maximum angular distance between the Moon and ecliptic plane is equal to

B :arcsinR;r =1.209".

Here we assume the lunar orbit to be circular with radiagual to 384.4 thousand kilometeRsandr
are the radii of Earth and Moon. Returning to the first figure, we find maximal angular distance betwe:
the Moon and the orbit node:

A=pctgi=13.4T.

The average number of occultation in one sequence is equal to:

N, =2N =1852.

Y

Real occultation number will be equal (with almost equal probabilities) to 18 or 19. The sequent
duration will be equal to 17 or 18 sidereal months or 1.27 or 1.35 years.

In the case of ascending node the first occultation in a sequence will be near position 1 in the fi
figure, the same situation is shown in the second figure. The Moon will graze the star by the northe
edge and this occultation will be observed in the southern hemisphere of the Earth. The Moon will
seen at the northern horizon (more exactly, at®5aéstwards form the North point), the star declination
is +23.4 and the occultation will be seen near Southern Polar Circle. Last occultation in a sequen
(position 2 in the first figure) will be seen near North Polar Circle at°%edStwards from the North
point.
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4. Problem. The path of total solar eclipse consistently passed the following cities: Oslo (Norway)
Warsaw (Poland), Constanta (Romania), Ankara (Turkey), Baghdad (Iraq), Kerman (Iran) and Islamat
(Pakistan). What astronomical season (winter, spring, summer or autumn) the eclipse was observed in

4. Solution. Table contains the coordinates of the cities listed in the problem.

City Latitude,® | Longitude,’
Oslo +59.9 +10.7
Warsaw +52.2 +21.1
Constanta +44.2 +28.6
Ankara +39.9 +32.9
Baghdad +33.3 +44.4
Kerman +30.3 +57.1
Islamabad +33.7 +73.1

As we can see, the shadow moved to the south-east for most part of time, and just in the end it move
the east and even turned to the north-east. The shadow path is shown in the map.

Let us imagine how will the lunar shadow move on tropical and medium zone of the norther
hemisphere in the middle of four seasons of the year (starting at the equinox or solstice). In the n
figure we can see the Earth and shadow path at four seasons as it can be seen from the Sun (or fro
Moon). The shadow moves from the left to the right (direction opposite to the motion of the Earth
Really the path motion direction is inclined to the ecliptic plane by the angl® bLit5t does not change
the problem solution, since this angle is sufficiently less than the equator to ecliptic inclinatiof)(23.45
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We can see that the shadow motion described in the problem can take place only during the astronon
autumn, between autumn equinox and winter solstice.

The problem has a real prototype: total solar eclipse in Novembd&r18®6, the map is above.
The path of totality crossed the centers or surroundings of seven cities listed in the problem.

5. Problem. The astronomical azimuths of the rise and the following set of the planet in the city of Sain
Petersburg (latitude +8Pwere equal to —90:Gand +90.4. The duration of the planet disk set was equal
to 3.2 seconds. What the planet is it and can it be said anything about the season, when it happened?

5. Solution. Values of azimuths show that the planet is situated near the celestial equator. Since
planets are always near the ecliptic, there were the surroundings of the vernal or autumn equinox poi
The time between the rise and set of the planet is equal to 12 hours. The module of set azinfuth is
higher than rise azimuth, thus the declination of the planet has increased during this time. Let
determine the value of this increase.
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As we can see in the figure, change of azimuth mofiAlés related with change of declinatid®d and
latitude of observatio (equal to 60) by the relation:

Ad=AAcosh =+0.2.

Account of atmospheric refraction will not change this result, since the refraction changes the value
azimuth but does not change their differentd)(near the celestial equator. The planet moves along the
ecliptic, it is true always except the planets’ stationary moments, but their angular velocity is very sm:
that time. Near the equinox points the ecliptic creates the amg8.4 to the celestial parallels and
equator. The total angular motion of the planet during 12 hours is equal to

Sme Sme

0.5%

Finally, the angular velocity of the planet is equal to 1 per day. It is equal to visible angular velocity ¢
the Sun. None of the planets can reach this angular velocity by the backward motion, and only t

B
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planets can move in the straight direction: Mercury and Venus, during their epoch of maximu
elongation from the Sun.

To determine what is the planet, we determine its angular size. The duration of the planet set v
equal to 3.2 seconds. Being near the equator, the planet shifted relatively observer on the Earth by
angle:

A=15"At=48",

Angular diameter of the planet is equal to:
d=2r=Acosh =24".

This value is equal to angular diameter of Venus during the epoch of maximum elongation (the angt
size of Mercury during this epoch is not larger thdp 8enus is at 47from the Sun and crossing the
vernal equinox point by the straight direction. If it is maximum eastern elongation, than the picture
observed in early February, if it is maximum western elongation, than it is early May.

6. Problem. Being in the maximum eastern elongation point, Mercury came to the conjunction witl
Venus. The angular diameter of Mercury was more than 5 times less than the angular diameter of Vel
What planet will be the first to come to the inferior conjunction with Sun? What time will it be earlier
than another planet? The orbits of Mercury, Venus and Earth can be considered as circular.

6. Solution. Figure shows the positions of Mercury, Venus and Earth in the moment described in tt
problem.

Venus (1)

Being in conjunction with Mercury, Venus can be in two points of the orbit signed by the digits 1 and
in the figure. Angular diameter of Mercury during the maximum elongation epoch is dhabous the
angular diameter of Venus exceed$.40can take place only if the Venus is in the position 1, close to
Earth. Let us designate the orbit radii of Mercury, Venus and Eanth gs andR, respectively, and
determine the heliocentric longitude difference of Earth and each of inner phamegs. It is easy to do

for the Mercury:

¢, :arcco% =67.2°

The difference for Venus can be calculated from the triangle Sun-Venus-Earth with account of adjac
angle properties: r r
$, =y —& =arcsin-L —arcsin-t =9.6°.
r R
The time until the inferior conjunction of inner planet is equal to:

P12
360°
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whereS s the synodic period of inner planet, that is equal to 115.9 days for Mercury and 583.9 days f
Venus. Substituting the numerical data, we obtain that inferior conjunction of Mercury will occur in 21.
days and inferior conjunction of Venus will occur in 15.6 days. Finally, Venus will come to inferior
conjunction in 6 days earlier than Mercury.

7. Problem. Two meteor streams are moving around the Sun by the same orbit, but in opposi
directions. One moment both streams meet each other and the Earth. In the same moment two me
showers are visible on the Earth, their radiant points have the coordirasd=—-66.6 anda = 18",
0=0°. Please find the eccentricity of the meteors’ orbit. What date did the streams meet the Earth? T
orbit of Earth can be considered a circular one.

7. Solution. Since two meteor streams move by the same orbit in different directions, they will hav
equal velocities with opposite directions in the moment of Earth flyby. The radiant shows the directiol
opposite to geocentric velocity, that's why the radiants of two showers are not situated in opposite poi
of the sky.

&
\_Q; 4
N
4 Radiant 2
u, Vi \0‘
con®
Earth €
Vo Ecliptic
u, v,
Radiant 1

Let us designate the vector of Earth’s velocityvasthe vectors of heliocentric velocities of meteor
streams as; andv,, and their geocentric velocities ag andu,. For these velocities we can write the
relations:

Ui = Vi1 —Vo,
U, =V —Vo=-V1—Vp.

Adding them to each other,
u; + U = —2vo.

The radiant of first shower is situated in the South Ecliptic pole, thus, the figure plane containing tl
vector u; is perpendicular to the ecliptic plane crossing it by the line containing the wgctBoth
vectors are perpendicular to the radius-vector of Earth, directed from the center of the Sun, and the wi
figure plane including heliocentric meteor velocities is perpendicular to the line Sun-Earth. Thus, durir
the flyby the meteors were in the perihelion or aphelion of their orbit if this orbit is not circular.

During the event Earth is moving towards the ecliptic point that is one of two cross points c
ecliptic and major circle of picture plane. The last one is the declination circle containing all sky poin
with right ascension values equal tbaid 18 (it is easy to see basing on the radiants coordinates). Thus,
these two points are the solstice points. As we can see in the last equation, the projections of the vec
uz andvp on the ecliptic have different signs (since the veeids perpendicular to the ecliptic). Taking
into account the coordinates of the second radiant we resume that the motion of Earth is directed to
winter solstice point. Such direction takes place during the vernal equinox, Mafch,i&he answer to
the second question of the problem.

% 8 o
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The angle between the directions to the second radiant (celestial equator) and Earth veloc
direction € is equal to 234 Projecting the vector equation for the sum of velocities: u, on two
coordinate axes, we obtain:

U1 = Uy SINE,

2Vo = Up COSE
and then

U = g th.

Heliocentric meteor velocity during the meeting event is equal to

vy = uf +v§ :v0V1+4tgzs =39.4 kmys.

This velocity exceeds the circular velocity but is less than parabolic velocity. Thus, the orbit of the
meteors is elliptical and they are crossing the perihelion. Denoting the distance between Sun and Eart
r, we express the perihelion velocity:

Vi :\/GM E}Jre :\/GrM (1+e) =vy/l+e.

a 1l-e

Herea is the large semi-axis of the meteor orbis its eccentricity ant¥ is the solar mass. Finally,
e=4tgfe =0.75.

8. Problem. While using the Giant Optical Cosmic telescope with ultra-high resolution astronomers
the future succeeded to see the disk of Betelgeus#ipnis). What object — Betelgeuse or Venus — will
have higher surface brightness (the brightness of angular square unit)? What will the ratio of surf
brightness of these objects be?

8. Pemenne. To solve the problem, we must remember that in the absorption-free case the surfa
brightness of the object does not depend on the distance. The total brightness is back proportional tc
square of distance, but the same is the visible square of the object. For the self-emitting stars in the b
body assumption the surface brightness is the function of surface temperature, increasing proportion
to its fourth degree. Betelgeuse is the red supergiant of spectral type M2 with the surface tempera
about 3000 K, twice less than the solar one. Thus, surface brightness of Betelgeuse is about 16 times
than the one of the Sun.

Venus does not emit in the visible part of spectrum, but reflects the solar radiation. The ratio
surface brightness of Venus (center of the disk near superior conjunction) and the Sun is equal to

JYANUN S

iov R? 37300

HereA is the albedo of Venus,is the radius of Sun ariis the orbit radius of Venus. Finally, surface
brightness of Betelgeuse is about 2330 times higher than the one of Venus.

9. Problem. The globular stellar cluster has the magnitude equal tbah8 angular diameter equal to
25. The distance to the cluster is equal to 3 kpc. Having assumed that the cluster consists of the s
which are like the Sun and their density is the same over the whole ball volume, so estimate 1
brightness of the night sky of the planet rotating around the star in the center of cluster. Compare it w
the moonlit sky on the Earth. The absorption of light in the interstellar medium and planet’'s atmosphe
can be ignored.
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9. Solution. Expressing the angular diameter of stellar cluster in radians multiplying it to the distance ar
dividing by 2, we obtain the cluster radigsequal to 10.9 pc. The cluster volume is equal to

v =1mg =54210%pc”

Absolute magnitude of the Siy, is equal to +4.7. At the distance equal to 3 kpc, Sun would be seen
as the star with magnitude

my =My -5+5Igr =17.1.
Denoting the total cluster magnituderaswe express the number of stars in the cluster:

N =10%4M~™ -1 0g5M10°

and the stars volume density:

n=N—-202 pc™
Vv

In the night sky of the planet inside the cluster the stars of a half of the ball is seen, and they fill the s
uniformly. Let us designate the illumination from one star with magnitlftlasd) and calculate the
illumination from all stars in a thin semi-spherical shell with radiaad thicknesar. The number of the
stars in a shell is equal to

N, =21 ’Arn .

The magnitude and illumination from each star are equal to

m=Mg,-5+5Igr,

Ir
r2

Herer is designated in parsecs. The illumination from all stars in a shell is equal to

J, =2mmnJ mo? 4o [ayr
We see that this value is proportional to the thickness of the shell and does not depend on its rac
Performing the whole semi-sphere as the composition of such shells, we obtain the expression of the t
illumination of planet night sky:

31 =2mmnd @02 7Mo [y = m.83000°,

The total magnitude is equal to:
_ Jr _
mr - _25|gT - _82

The sky is sufficiently brighter than the moonless sky on the Earth, and the objects outside the clus
will make just a small contribution to this value. But the moonlit night on the Earth (the Moon magnitud
is equal to —127) is 63 times brighter than the sky of the planet in the center of the globular cluster.

* 10
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10. Problem.The radius of the Galaxy is equal to 15 kpc, the thickness of its disk being many times les
The mass of the galaxy is equal td*1€olar masses and it is distributed uniformly in the volume of the
galaxy. Two stars are rotating around the center of the galaxy in the same direction by the circular orl
with radii equal to 5 kpc and 10 kpc. Please find the synodic period of the first star while observing fro
the vicinity of the second star.

10. Solution.The mass density inside the galaxy is equal to

M
mR%d

HereM, R andd are the mass, radius and thickness of the galaxy. We assume that the motion of star
the circular orbit with radiusis influence only by the part of the galaxy inside the cylinder with the same
radius. Mass of this part is equal to

2
m(r) =1r 2dp =M r—z
R

The angular velocity of the star’s rotation around the center of the galaxy is equal to

“’(r)_frrns \/GM R _ \f

Hereuwy is the angular velocity of the rotation of galaxy edge. Note that such dependency is weaker th
the one by Kepler law (with the degree —3/2). Synodic period of the star with orbit radiboserved
from the star with radius is equal to

3
= 271 p- R 1

E
w(ry) —w(ry) GM R/ =-[R/1,

Substituting the numeric values, we obtain 1.07 billions of years.
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